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a b s t r a c t 

Independent scattering refers to situations when particles are sufficiently distant that some of the radi- 

ation characteristics of particle systems can be determined by adding the contributions of each particle. 

When particles are in close proximity, however, dependent scattering prevails and is affected by near-field 

interactions and far-field interferences among scattered waves from nearby particles. The dimensionless 

parameters governing the scattering cross-section and asymmetry factor of non-absorbing bispheres, dis- 

ordered and ordered suspensions and aggregates with up to 8 spherical particles were found to be the 

particle size parameter χ s , the relative index of refraction m , the interparticle distance-to-wavelength ra- 

tio d ∗, and the number of particles. Here, χ s ranged from 0.031 to 8.05, m varied from 0.667 to 2.6, and 

d ∗ reached up to 30. Dependent effects were observed in aggregates with particles of all sizes and were 

strongly affected by the relative index of refraction in particle systems with χ s ≥ 2 due to large phase 

shifts across the particles. Moreover, new criteria for the transition between the dependent and indepen- 

dent scattering regimes for the scattering cross-section and the asymmetry factor were derived. For the 

scattering cross-section of structures with a narrow interparticle distance distribution, the independent 

scattering regime prevailed when the average interparticle distance-to-wavelength ratio d̄ ∗ exceeded (i) 2 

for particles with χ s ≤ 2 and (ii) 5 for particles with χ s > 2. For the asymmetry factor, the transition 

from the dependent to the independent regimes for particles with χ s ≤ 2 was achieved for d̄ ∗ as high 

as 25. These transition criteria could be extended to particle systems with a broad interparticle distance 

distribution when based on the minimum interparticle distance-to-wavelength ratio. Finally, the relative 

index of refraction m did not affect these transition criteria. 

© 2020 Elsevier Ltd. All rights reserved. 
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. Introduction 

Electromagnetic wave scattering by suspensions and aggregates

f spherical particles is of interest to a wide range of applications.

ig. 1 presents micrographs of carbon aerosols from combustion

ystems [1] , silica aerogels for thermally insulating windows [2] ,

uspensions of nickel nanoparticles used in solar to thermal en-

rgy conversion [3] , and disperse titania particles used in paints

nd coatings [4] . In all these applications, the incident radiation

s unpolarized and its transport through the particulate media is

overned by the radiative transfer equation (RTE). Then, knowledge

f the integral radiation characteristics of the particle suspensions

r aggregates namely their absorption and scattering cross-sections

nd asymmetry factor is of prime importance to predict the local

adiation intensity by solving the RTE. In fact, the scattering char-

cteristics of atmospheric aerosols with particle size ranging from
∗ Corresponding author. 
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.1 to 5 μm, such as carbon aerosols [ Fig. 1 (a)], have been studied

rom the near ultraviolet (UV) to the near infrared (IR) to deter-

ine their effect on the Earth climate [5,6] . Furthermore, trans-

arent monoliths of silica aerogels, consisting of a highly porous

etwork of silica nanoparticles [ Fig. 1 (b)] with radius r s ≤ 20 nm,

ave been used in solar collectors [7] and for thermal insulation

n window applications [8] . The optical clarity and haziness of sil-

ca aerogel slabs depend on their scattering characteristics in the

isible [9] . Similarly, the efficiency of nanofluid-based solar collec-

ors depends on the scattering characteristics of the nanoparticle

uspension [ Fig. 1 (c)] with radius r s < 50 nm from the near UV

o the near IR [3,10,11] . Finally, the visual appearance of particle-

ased paints and coatings under visible light depends on the scat-

ering characteristics of the particle systems [12,13] . Titania parti-

les [ Fig. 1 (d)] featuring sizes ranging from tens to hundreds of

anometers are commonly used in paints or coatings to achieve

hiteness and opacity [12] . 

The scattering cross-section and asymmetry factor of particle

uspensions are typically determined by assuming that the par-

icles scatter independently from one another so their individual

https://doi.org/10.1016/j.jqsrt.2020.106924
http://www.ScienceDirect.com
http://www.elsevier.com/locate/jqsrt
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Nomenclature 

C abs absorption cross-section, nm 

2 

C sca scattering cross-section, nm 

2 

c clearance distance, nm 

c̄ average clearance distance, nm 

d interparticle distance, nm 

d̄ average interparticle distance, nm 

d min minimum interparticle distance, nm 

c ∗ clearance-to-wavelength ratio, c ∗ = c / λ
c̄ ∗ average clearance-to-wavelength ratio, c̄ ∗ = c̄ / λ
d ∗ interparticle distance-to-wavelength ratio, d ∗ = d / λ
d̄ ∗ average interparticle distance-to-wavelength ratio, 

d̄ ∗ = d̄ / λ
d ∗

min 
minimum interparticle distance-to-wavelength ra- 

tio, d ∗
min 

= d min /λ
c / r s clearance-to-radius ratio 

d / r s interparticle distance-to-radius ratio 

f v particle volume fraction 

g asymmetry factor 

k s absorption index of particles 

L particles domain size, nm 

m relative complex index of refraction, m = m s / n m 

m s particle complex index of refraction, m s = n s + ik s 
N d number of dipoles 

N s total number of particles 

n m 

refractive index of the surrounding medium 

n s index of refraction of particles 

Q sca scattering efficiency factor 

r eq equivalent radius, nm 

r s particle radius, nm 

V s volume occupied by the particles, nm 

3 

V tot volume embedding the suspension/ aggregate, nm 

3 

Greek symbols 

β phase shift 

χ s particle size parameter 

�d dipole size, nm 

λ wavelength, nm 

� phase function 

� solid angle, sr 

� scattering angle, rad 

Supercripts and subscripts 

b refers to bispheres 

cr refers to critical values delimiting the scattering 

regimes 

M refers to Lorenz-Mie theory 

R refers to Rayleigh scattering 

s as a superscript: refers to particle suspensions or 

aggregates 

contributions can be added, based on superposition principles [14] .

The validity of this approximation, sometimes called “independent

scattering approximation” [14,15] , depends on some measure of the

proximity of the constitutive particles such as the particle volume

fraction [15–18] , the interparticle distance [6,16,18,19] , and/or the

particle surface-to-surface (or clearance) distance [15,17,20] . In sit-

uations when the particles are spherical, the Lorenz-Mie theory

can be used to predict the scattering cross-section and asymme-

try factor of each individual particle [21] . The independent scat-

tering approximation has been used to determine the size distri-

bution and concentration of atmospheric aerosols from measure-

ments of their phase functions performed in the visible [22,23] .

Furthermore, it has also been used to model the scattering cross-
ection of nanofluid-based absorbers for solar collectors [3,10,11] .

ecently, Mishchenko [24] refined the definition of the indepen-

ent scattering regime as the situation when “certain optical ob-

ervables (i.e., appropriately defined second moments in the elec-

romagnetic field) for the entire group can be expressed (explicitly

r implicitly) in appropriate single-particle observables”. 

Conversely, “dependent scattering” refers to the situation when

 scattering characteristic of particle systems cannot be deter-

ined by merely adding up the contributions of individual parti-

les [14,15] . Mishchenko [24] established that the so-called first-

rder-scattering approximation for sparsely distributed particles

nd the radiative transfer theory for a cloud of particles “may

e the only notable manifestations of the independent scattering

egime, all other electromagnetic scattering by particulate media

elonging to the category of dependent scattering”. Moreover, de-

endent effects can change the energy budget of the particle sys-

em and the local radiation intensity [12,25] . Several criteria for

he transition between the independent and dependent scatter-

ng regimes of bispheres, suspensions and aggregates of spherical

articles have been proposed [6,15–18,20] . However, these crite-

ia were (i) expressed using different parameters, (ii) derived for a

imited range of values, and (iii) often disagreed with one another.

This study aims to unequivocally identify (1) the parameters

ontrolling the scattering cross-section and asymmetry factor of

ispheres, suspensions, and aggregates of non-absorbing monodis-

erse spherical particles and (2) the conditions under which in-

ependent and dependent scattering regimes prevail for the scat-

ering cross-section and asymmetry factor of particle systems con-

aining 2, 4, or 8 particles. A wide range of particle radius, wave-

ength, spatial configuration, and index of refraction were investi-

ated. 

. Background 

.1. Light scattering by a single spherical particle 

Scattering by a single spherical particle depends on its (i) size

arameter χ s and (ii) relative complex index of refraction m [14] .

he particle size parameter χ s is defined as χ s = 2 π r s / λ where

 s is the particle radius and λ is the wavelength of the incident

ight. The relative complex index of refraction m is defined as m

 m s / n m 

where n m 

is the index of refraction of the non-absorbing

urrounding medium and m s is the complex index of refraction of

he particle defined as m s = n s + ik s where n s and k s are the re-

ractive and absorption indices of the particle, respectively. 

The scattering cross-section C sca ( χ s , m, r s ) and asymmetry fac-

or g ( χ s , m ) of a single spherical particle in a non-absorbing

edium can be predicted by the Lorenz-Mie theory [21] . Notably,

n the Rayleigh scattering regime, corresponding to χ s � 1 and

s | m − 1 | � 1, the scattering cross-section of a particle with size

arameter χ s and relative complex index of refraction m can be

xpressed as [26] 

 

R 
sca (χs , m, r s ) = 

24 π3 V 

2 
s 

λ4 

∣∣∣∣m 

2 − 1 

m 

2 + 2 

∣∣∣∣
2 

= 

8 π r 2 s χ
4 
s 

3 

∣∣∣∣m 

2 − 1 

m 

2 + 2 

∣∣∣∣
2 

(1)

here V s is the volume of the particle. On the other hand, the

symmetry factor g can be defined as [14] 

(χs , m ) = 

1 

4 π

∫ 
4 π

�(χs , m, �) cos �d � (2)

here �( χ s , m , �) is the scattering phase function representing

he probability that a wave be scattered from the incident direc-

ion ˆ s i into direction ˆ s . Here, � is the scattering angle between

nit vectors ˆ s i and ˆ s and � is the associated solid angle. Particles

n the Rayleigh scattering regime feature a negligible phase shift β
 2 χ s | m − 1 | between the incident electromagnetic wave and that
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Fig. 1. Scanning electron microscopy images of (a) aerosol carbon particles (reprinted with permission from Ref. [1] , Copyright Taylor & Francis) and (b) silica aerogel 

(reprinted with permission from Ref. [2] ., Copyright Springer Nature). (c) Transmission electron image of nickel nanoparticle suspension (reprinted with permission from Ref. 

[3] ., Copyright Elsevier) and (d) scanning electron image of titania particles (reprinted with permission from Ref. [4] , Copyright John Wiley & Sons). 
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raveling through them [26,27] . Thus, their scattering phase func-

ion is isotropic, i.e., �( χ s , m , �) � 1 and g ( χ s , m ) � 0. 

.2. Light scattering by spherical particle suspensions and aggregates 

Light scattering characteristics of a suspension or aggregate of

pherical particles have been reported to depend not only on the

article (i) size parameter χ s and (ii) relative complex index of

efraction m but also on (iii) the particle volume fraction f v of

he suspension or aggregate [15–18] , (iv) the average clearance-

o-wavelength ratio c̄ ∗ = c̄ / λ where c̄ is the average surface-to-

urface distance (or clearance distance) between adjacent parti-

les [ Fig. 2 (a)] [15,17] , (v) the average interparticle distance-to-

avelength ratio d̄ ∗ = d̄ / λ where the average interparticle distance

 ̄ is expressed as d̄ = c̄ +2 r s [18,19] , (vi) the average clearance-

o-radius ratio c̄ / r s [15,20] , and/or (vii) the average interparticle

istance-to-radius ratio d̄ / r s [6,16] . The particle volume fraction f v 
an be calculated as the ratio of the volume V s occupied by the

articles to the total volume V tot of the suspension. For systems

ith monodisperse particles of radius r s , f v can be expressed as 

f v = 

V s 

V tot 
with V s = 4 π r 3 s N s / 3 (3)

here N s is the total number of particles in the total volume V tot 

f the suspension. 

When the particle volume fraction f v is sufficiently low, par-

icles are far from each other and the scattering characteristics

f a particle are said to be “unaffected” by the presence of the
urrounding particles corresponding to the independent scattering

egime [14,15] . For example, in the independent scattering regime,

he effective scattering cross-section C s sca of the suspensions can be

xpressed as the sum of the scattering cross-sections C sca ( χ s,i , m i ,

 s,i ) of individual particles, i.e., [14] 

 

s 
sca = 

N s ∑ 

i =1 

C sca (χs,i , m i , r s,i ) . (4)

ere, the index “i ” corresponds to the particle of radius r s,i with

ize parameter χ s,i = 2 π r s,i / λ and relative complex index of re-

raction m i . Similarly, the asymmetry factor g s of the suspension

an be expressed as [28,29] 

 

s = 

∑ N s 
i =1 

C sca (χs,i , m i , r s,i ) g(χs,i , m i ) ∑ N s 
i =1 

C sca (χs,i , m i , r s,i ) 
(5) 

here g ( χ s,i , m i ) is the asymmetry factor of the i th particle.

ote that for suspensions of identical monodisperse particles with

ize parameter χ s and relative complex index of refraction m ,

qs. (4) and (5) simplify to C s sca = N s C sca ( χ s , m, r s ) and g s = g ( χ s ,

 ), respectively. 

When particles are in close proximity, light scattering is af-

ected by (i) near-field interactions and (ii) far-field interferences

6,28,30] . Near-field interactions originate from multiple scattering

orresponding to the situation when the near-field scattered wave

rom one particle is incident on another particle leading, in turn,

o interferences [6,28,30] . Far-field interferences refer to interfer-

nces between far-field-scattered waves from neighboring particles
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Fig. 2. Schematics of (a) bisphere, (b)-(c) disordered particle suspensions with N s = 

4 and N s = 8, (d) tetrahedron and (e) simple cubic structure with touching particles, 

and (f) tetrahedron and (g) simple cubic structure with distant particles. 
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[6,28,30] . These two phenomena play an important role in the de-

pendent scattering regime such that Eqs. (4) and (5) are no longer

valid [14] . 

Previously, experiments or analytical derivations have been

used to establish the range of validity of the independent scat-

tering approximation. More recently, numerical algorithms solv-

ing Maxwell’s equations in complex particulate media have been

developed including the discrete dipole approximation (DDA)

[31] and the superposition T-matrix method [32,33] . They have no-

tably been used to analyze the range of applicability of the inde-

pendent scattering approximation for radiative characteristics such

as integral properties, scattering phase function, or scattering ma-

trix elements [25] . 

2.3. Independent versus dependent scattering 

Previous studies have investigated the independent and

dependent scattering regimes in monodisperse bispheres

[6,16,19,20,28] , suspensions of spherical particles [15,17,18] , or

aggregates [15,17,20,34,35] based on experimental measurements

[15,17] , analytical derivations [15,19,28] , or computer simulations

[6,16,18,20,34,35] . In general, the independent scattering regime

was considered to be reached when the radiation characteristic

investigated (e.g., C s sca or g s ) of the particle system fell within 5% of

the independent scattering regime predictions [ Eqs. (4) and (5) ].

Note that this criterion was arbitrary and represents a good com-

promise between the experimental and numerical uncertainties
nd the need to obtain a reasonable yet conservative criteria for

he transition between the two regimes. 

Tien and Drolen [15] reviewed experimental studies consider-

ng the scattering efficiency factor, scattering cross-section, or scat-

ering coefficient of suspensions of latex particles in water or air

27,36–40] and of various pigment suspensions in water [41] with

.05 ≤ χ s ≤ 400 and 10 −6 ≤ f v ≤ 0.74. The review also

ncluded two analytical studies [30,42] . The different experimen-

al studies established the transition between the independent and

ependent scattering regimes corresponding to c̄ / r s ranging be-

ween 0.8 and 1.4 and c̄ ∗ around 0.3-0.5 depending of the suspen-

ions considered. The authors also presented a scattering regime

ap in the diagram plotting the particle size parameter χ s ver-

us particle volume fraction f v based on the work of Yamada et al.

40] for monodisperse latex particles in water or air ( m = 1.2 or

.6) with 0.2 ≤ χ s ≤ 90 and 10 −3 ≤ f v ≤ 0.74. For χ s 

0.388, the critical particle volume fraction corresponding to the

ndependent/dependent scattering transition was f v, cr = 0.006 [15] .

n the other hand, for χ s > 0.388 and f v > 0.006, the transition

rom independent to dependent scattering was given by a critical

verage clearance-to-wavelength ratio of [15] 

¯
 

∗
cr = 0 . 5 . (6)

he corresponding critical particle volume fraction f v, cr was calcu-

ated by assuming a rhombohedral packing of monodisperse parti-

les and expressed as [15] 

f v ,cr = 

(
0 . 9047 

π/ 2 χs + 1 

)3 

. (7)

Kaviany and Singh [17] modified the average clearance distance

¯ proposed by Tien and Drolen [15] by c̄ +0.2 r s where the distance

.2 r s was added in an ad hoc manner to correct for the close-pack

eparation distance in a rhombohedral packing when the most

ompact arrangement is obtained (i.e., f v = 0.74) to yield [17] 

¯
 

∗
cr = 0 . 5 − 0 . 1 χs /π resulting in f v ,cr = 

(
0 . 9047 

π/ 2 χs + 0 . 9 

)3 

. (8)

his correction was negligible for systems with particle volume

raction f v < 0.3 but resulted in a significant difference be-

ween Eqs. (7) and (8) for particle volume fraction f v > 0.5 [17] .

q. (8) was shown to predict experimental data for monodisperse

atex spheres in water and air [40] more closely than Eqs. (6) and

7) . Although these studies [15,17] considered experimental data

overing a wide range of particle size parameters 0.2 ≤ χ s ≤ 90,

hey considered non-absorbing monodisperse particles with rela-

ive index of refraction m of either 1.2 (latex particles in water) or

.6 (latex particles in air). Note that Tien and Drolen [15] did not

onsider the scattering phase function or asymmetry factor of the

uspensions. 

Olaofe [19] derived an analytical expression for the scattering

ross-section of bispheres by integrating the scattered field inten-

ity obtained from solving Maxwell’s equations. In particular, the

uthor presented the ratio of some scattering efficiency factors of

on-absorbing monodisperse bispheres defined as Q 

b 
sca = C b sca / π r 2 s 

o that of a single sphere Q 

M 

sca predicted by Lorenz-Mie theory.

ere, C b sca was the scattering cross-section of the bisphere at a

xed orientation, the particle size parameter χ s was 0.5 or 1, and

 ranged from 1.05 to 1.50. The ratio Q 

b 
sca / Q 

M 

sca was plotted as a

unction of the ratio d ∗ between 1/2 π and 15/ π . As the separa-

ion distance between the spheres increased, the oscillation am-

litude decreased and Q 

b 
sca / Q 

M 

sca tended asymptotically towards 2

orresponding to the independent scattering regime when Q 

b 
sca =

 Q 

M 

sca [19] . Moreover, the oscillation pattern of the ratio Q 

b 
sca / Q 

M 

sca 

as shown to vary with changes in the bisphere orientation. Fi-

ally, Olaofe [19] concluded that the relative index of refraction m
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 n s / n m 

did not affect the efficiency factor ratio Q 

b 
sca / Q 

M 

sca when all

ther parameters were kept constant. 

Videen et al. [28] developed a general expression for the

rientation-averaged asymmetry factor of monodisperse bispheres

sing an extension of Lorenz-Mie theory. The expression consisted

f one term accounting for far-field interferences and another ac-

ounting for near-field interactions. The bispheres consisted of two

bsorbing monodisperse carbon spheres with χ s = 0.628 or 3.14

nd m = 1.75 + i 0.44. The authors showed that far-field interfer-

nces resulted in enhanced forward scattering due to construc-

ive interference in the forward direction. On the other hand, near-

eld interactions resulted in enhanced backscattering “due to con-

tructive interference of rays reflecting off multiple interfaces” [28] .

astly, they showed that the asymmetry factor of bispheres tended

owards the asymmetry factor of a single sphere when the inter-

article distance-to-wavelength ratio d ∗ exceeded 2. 

Quirantes et al. [16] used the T-matrix algorithm to predict

he orientation-averaged scattering cross-section ratio C b sca /2 C 
M 

sca of

on-absorbing monodisperse bispheres with particle size parame-

er χ s varying from 0.1 to 20, interparticle distance-to-radius ra-

io d / r s varying from 2 to 20, and relative index of refraction m

 1.2. The critical interparticle distance-to-radius ratio ( d / r s ) cr was

stimated for bispheres with different particle size parameter χ s .

he authors also hypothesized that the critical criterion obtained

or bispheres could be extended to particle suspensions. Then, the

ritical particle volume fraction f v, cr beyond which dependent scat-

ering prevailed was such that [16] 

f v ,cr = 

4 

3 

π
(

r s 

d 

)3 

. (9) 

he authors showed that when χ s < 5.5 the critical particle vol-

me fraction f v, cr decreased with decreasing χ s . In particular, sus-

ensions of monodisperse particles such that χ s < 1 fell in the

ndependent scattering regime for f v, cr < 0.001. Note that this cri-

erion contradicts that proposed by Tien and Drolen [15] and such

hat f v, cr = 0.006 for suspensions of particles with χ s < 0.388. 

Mishchenko et al. [6] studied the orientation-averaged phase

unction and scattering matrix elements of monodisperse bispheres

ith χ s = 5 and 15 and m = 1.5 + i 0.005 using the T-matrix al-

orithm. The authors showed that, in both cases, the independent

cattering regime was reached when the interparticle distance d

xceeded four times the particle radius r s , i.e., d / r s ≥ 4. In ad-

ition, Mishchenko et al. [18] studied the independent and depen-

ent scattering regimes of 8 non-absorbing monodisperse spheres

andomly distributed but in contact with at least another sphere.

he particle size parameter was χ s = 4, the relative index of re-

raction m was 1.32, and the particle volume fraction f v varied from

.0014 to 0.296. The authors showed that the scattering cross-

ection ratio C s sca /8 C 
M 

sca and forward-scattering phase function ratio
s (� = 0) /8 �M (� = 0) tended towards 1 when the average inter-

article distance-to-wavelength ratio was such that 2 π d̄ ∗ > 30

nd f v < 0.01. Here, �s (� = 0) and �M (� = 0) are the phase

unctions of the particle suspension and of a single particle in the

orward direction ( � = 0 ◦), respectively. Furthermore, the study

howed that near-field interactions resulted in enhanced backscat-

ering, in agreement with Videen et al. [28] . Especially, multiple

cattering was shown to corroborate with “the interference nature

f coherent backscattering”. 

Ivezi ́c and Mengüç [20] used the discrete dipole approxima-

ion (DDA) method to study a system of two monodisperse carbon

pheres with m = 1.75 + i 0.75 and 0.2 ≤ χ s ≤ 1 under polar-

zed incident radiation. Their study focused on the scattering cross-

ection and phase function of bispheres at fixed orientations and

stablished that the independent scattering regime was reached for

 critical clearance-to-radius ratio given by [20] 

(c/r s ) cr = 2 /χs . (10)
he authors also studied touching aligned spheres and ordered ag-

regates (e.g., tetrahedron, body centered cubes, etc.) with up to

2 monodisperse spheres. Orientation-averaged results for agglom-

rates showed that when χ s ≈ 2, the scattering cross-section and

hase function were within 10–20% of the independent scattering

egime predictions. Then, they concluded that “dependent effects

ever disappear” for such systems due to the adjacency of the par-

icles. 

Ivezi ́c et al. [34] also studied the effect of the relative index of

efraction m on the parameter ( C s sca / C 
M 

sca )( C 
M 

abs 
/ C s 

abs 
)( �s / �M ) of ag-

regates on the basis that dependent effects on C s sca , C 
s 
abs 

, and �s 

are difficult to separate” [34] . Here, C s 
abs 

is the absorption cross-

ection of the particle system. Results for compact and linear ag-

regates with 7 monodisperse spheres with a particle size param-

ter χ s varying from 0.025 to 1.57 and for the scattering angles

= 45, 135, and 165 ◦ were presented. First, the particle index of

efraction n s was taken as n s = 1.75 while the absorption index

as k s = 0.01, 0.1, or 1. Second, the absorption index was kept

onstant as k s = 0.75 and the index of refraction n s was taken

s equal to 1.5, 1.75, or 2.0. The authors concluded that the com-

lex index of refraction had a negligible effect on the parameter

 C s sca / C 
M 

sca )( C 
M 

abs 
/ C s 

abs 
)( �s / �M ). The study’s conclusion suggests that

he complex index of refraction m did not affect the transition be-

ween the scattering regimes for particle suspensions. 

Ma et al. [35] investigated densely packed disordered aggre-

ates with N s = 200 monodisperse particles with size parameter

s = 6.964 (corresponding to r s = 500 nm and λ = 600 nm) em-

edded in a virtual spherical domain of radius equal to 10 r s in wa-

er (i.e., n m 

= 1.33). The index of refraction of the particles n s var-

ed from 1.4 to 3.0 and the absorption index k s from 0 to 1.0. The

ueller matrix elements of the scattering system were computed

sing the T-matrix method. The authors concluded that the tran-

ition between independent and dependent scattering regimes de-

ended not only on the clearance-to-wavelength ratio c ∗ but also

n the complex index of refraction m . However, this conclusion

as in contradiction with those of Olaofe [19] and Ivezi ́c et al. [34] .

his disagreement could be due to the fact that different particle

ystems with different particle size parameter χ s and relative in-

ex of refraction m were considered. 

Table 1 summarizes the range of parameters explored in the

ifferent studies previously reviewed and the transition criteria

roposed. First, most studies considered a narrow range of parti-

le size parameter χ s and/or relative complex index of refraction

 . Second, major discrepancies appear in the choice of parame-

ers governing the scattering cross-section and asymmetry factor

s well as the transition criteria between independent and depen-

ent scattering regimes. 

The present study aims to investigate scattering by non-

bsorbing bispheres, particle suspensions, as well as aggregates

ith a wide range of particle size parameter (0.031 ≤ χ s 

8.05) and relative index of refraction (0.677 ≤ m ≤ 2.6).

his study focuses on integral radiative characteristics, namely the

cattering cross-section and asymmetry factor, because they are

ssential in solving the RTE in applications concerned with un-

olarized light such as those illustrated in Fig. 1 . The goal of

his study is (i) to determine unequivocally the parameters con-

rolling the scattering cross-section and asymmetry factor of bi-

pheres, suspensions, and aggregates of non-absorbing monodis-

erse spherical particles, (ii) to assess the validity of the transi-

ion criteria between the independent and dependent scattering

egimes proposed in the literature ( Table 1 ) and, if necessary, pro-

ose an alternative criterion, and (iii) to determine whether tran-

ition criteria for bispheres can be extrapolated to particle sus-

ensions and aggregates, as previously assumed in the literature

16] . 
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3. Analysis 

3.1. Computer-generated structures 

The radiative characteristics of three types of non-absorbing

particle arrangements were investigated namely (i) bispheres, (ii)

multiple disordered, monodisperse, non-touching spherical parti-

cles representative of particle suspensions, and (iii) multiple or-

dered monodisperse touching or non-touching spherical particles.

Radiative characteristics of bispheres were denoted by the su-

perscript “b” and those of disordered and ordered particle sys-

tems were denoted by the superscript “s”. Figs. 2 (a)- 2 (c) illustrate

the investigated bispheres and the disordered particle systems ob-

tained by randomly generating 4 or 8 particles in a cubic domain

of size L and volume V tot = L 3 . Figs. 2 (d)–2 (g) display ordered

particle systems including tetrahedron and simple cubic structures

with N s = 4 or 8 when the particles were touching [ Figs. 2 (b) and

2 (c)] and non-touching [ Figs. 2 (d) and 2 (e)]. For any given arrange-

ment, all spherical particles had a radius r s ranging from 2.5 nm

to 50 nm while wavelength λ was varied so that the particle size

parameter χ s ranged from 0.031 to 8.05. In addition, the non-

absorbing particle relative index of refraction m varied from 0.667

to 2.6. To investigate both dependent and independent scattering

regimes, the size of the cubic domain or lattice was progressively

increased resulting in increasing interparticle distances d . For bi-

spheres, the interparticle distance d ranged from 5 nm to 30 μm.

In the case of disordered and ordered particle systems, the average

interparticle distance d̄ ranged from 25 nm to 1.4 μm. 

3.2. Scattering characteristics 

The discrete-dipole approximation (DDA) algorithm developed

by Draine and Flatau [31] was used to compute the scattering

cross-section C sca and asymmetry factor g of the different particle

systems considered. First, N d cubic dipoles of side �d were gener-

ated inside the N s particles. The dipoles were such that their size

�d was small compared to the particle radius r s and wavelength λ
to achieve numerically converged results independent of the choice

of discretization [43] . The input parameters of the DDA method in-

cluded (i) the position of the N d cubic dipoles, (ii) the wavelength

λ, (iii) the particle relative index of refraction m with respect to

the surrounding, and (iv) the equivalent radius r eq defined as the

radius of a sphere with the same volume V s as the particle system

and expressed as [43] 

r eq = 

(
3 V s 

4 π

)1 / 3 

. (11)

Substituting Eq. (3) into Eq. (11) simplifies the equivalent radius as

r eq = N s 
1/3 r s . The scattering cross-section C sca (in nm 

2 ) of systems

consisting of N s monodisperse particles was expressed as a func-

tion of the computed scattering efficiency factor Q sca according to

[43] 

 sca = π r 2 eq Q sca . (12)

The scattering cross-section C sca and asymmetry factor g were av-

eraged over at least 33 orientations for bispheres and simple cu-

bic structures and over at least 115 orientations for tetrahedrons

and disordered particle systems to ensure accurate orientation-

averaging. Similarly, the number of scattering directions was set

greater than 10 0 0 so that the asymmetry factor g can be properly

estimated [ Eq. (2) ]. Finally, the DDA method was validated against

predictions by Lorenz-Mie theory for single spheres with particle

size parameter χ s and relative index of refraction m in the same

range as that of the particle systems investigated. In all cases, pre-

dictions of C sca and g by the DDA method fell within 3% of those by

Lorenz-Mie theory (see Figs. S1 and S2 in Supporting Information).
n fact, the average error between the two methods was 0.89% for

he scattering cross-section and 0.85% for the asymmetry factor for

ll cases considered in the validation. 

. Results and discussion 

.1. Bispheres 

.1.1. Governing dimensionless parameters 

Fig. 3 plots (left) the scattering cross-section C b sca of bispheres

s a function of the interparticle distance d and (right) the scat-

ering cross-section ratio C b sca /2 C 
M 

sca as a function of the interparti-

le distance-to-wavelength ratio d ∗ = d / λ for bispheres with m =
.5 and (a) χ s = 0.031, (b) χ s = 0.063, and (c) χ s = 0.126. Each

ize parameter χ s was represented by three cases corresponding

o different values of particle radius r s and wavelength λ. Fig. 3 in-

icates that the scattering cross-section C b sca plotted as a function

f d differed significantly among cases with the same particle size

arameter χ s but different particle radius r s and wavelength λ.

y contrast, the scattering cross-section ratio C b sca /2 C 
M 

sca plotted as

 function of the interparticle distance-to-wavelength ratio d ∗ col-

apsed on a single line for any given particle size parameter χ s .

imilar results were obtained for different values of m including

.2 and 2 (see Fig. S3 in Supporting Information). These results es-

ablish that the ratio C b sca /2 C 
M 

sca was a function of only χ s , m , and

 

∗, i.e., C b sca ( χ s , m, d ∗, r s ) = 2 f b ( χ s , m, d ∗) C M 

sca ( χ s , m, r s ) where f b is

 function to be determined. Note that the parameters c ∗, c / r s , and

 / r s can be expressed in terms of both the interparticle distance-

o-wavelength ratio d ∗ and particle size parameter χ s such that 

 

∗ = d ∗ − χs /π, c/r s = 

2 π

χs 
d ∗ − 2 , and d /r s = 

2 πd ∗

χs 
. (13)

herefore, C b sca ( χ s , m, d ∗, r s ) could also be expressed in terms of

 

∗, c / r s , or d / r s instead of d ∗. However, plotting C b sca /2 C 
M 

sca versus c ∗,

 / r s , or d / r s for the three particle size parameter χ s = 0.031, 0.063,

nd 0.126 did not result in the collapse of the data on a single

ine such as that observed when plotting versus d ∗ (Fig. S4 in Sup-

orting Information). Therefore, χ s , m , and d ∗ are the independent

arameters determining the scattering cross-section ratio C b sca / 2 C 
M 

sca 

f bispheres. 

Moreover, Fig. 3 shows that when the two spheres were touch-

ng (i.e., d = 2 r s and d ∗ = χ s / π ) the bisphere scattering cross-

ection was 4 times that of a single sphere, i.e., C b sca = 4 C M 

sca , for the

alues of χ s considered. Similar observations were also reported

n Refs. [6,16] . This observation can be explained by the so-called

quivalent volume model consisting of approximating the scatter-

ng cross-section of a particle aggregate as that of an equivalent

phere with the same volume V s and an equivalent radius r eq =
 s 
1/3 r s [14] . In fact, since the scattering cross-section of particles

n the Rayleigh regime is proportional to the square of the volume

 s [ Eq. (1) ], expressing the scattering cross-section C R sca of an ag-

regate using Eq. (1) with V s = (4 π /3) r 3 eq results in 

 

R 
sca = N 

2 
s C 

M 

sca . (14)

n other words, for touching bispheres C b,R 
sca = 4 C M 

sca . This also in-

icates that the equivalent volume model was valid for aggregates

ith touching particles for the size parameter χ s considered. This

as in agreement with previous studies investigating the validity

f the equivalent volume model for aggregates with small particles

14] . 

Fig. 3 also demonstrates that when the interparticle distance-

o-wavelength ratio d ∗ exceeded 2, independent scattering pre-

ailed since C b sca � 2 C M 

sca . On the other hand, when d ∗ < 2,

he ratio C b sca /2 C 
M 

sca oscillated and exceeded 1 for the values of χ s 

nd m considered. This was due to dependent effects and notably
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Fig. 3. (left) Scattering cross-section C b sca as a function of the interparticle distance d and (right) corresponding scattering cross-section ratio C b sca /2 C 
M 
sca as a function of the 

interparticle distance-to-wavelength ratio d ∗ of bispheres for (a) χ s = 0.031, (b) χ s = 0.063, and (c) χ s = 0.126 and m = 1.5. 

t  

l  

e

 

i  

f  

s  

χ  

F  

s  

d  

d  

l  

m  
o interference effects. These results were in agreement with pub-

ished numerical simulations for bispheres with small size param-

ter [6,16] . 

Fig. 4 shows (left) the asymmetry factor g b as a function of the

nterparticle distance d and (right) the asymmetry factor g b as a

unction of the interparticle distance-to-wavelength ratio d ∗ for bi-

pheres with m = 1.5 and (a) χ s = 0.031, (b) χ s = 0.063, and (c)
s = 0.126. The different cases corresponded to those shown in

ig. 3 for C b sca . Fig. 4 indicates that the asymmetry factor g b of bi-

pheres with the same particle size parameter χ s but different ra-

ius r s and wavelength λ differed when plotted as a function of

 . However, the different plots of g b for a given value of χ s over-

apped when plotted as functions of d ∗. In other words, the asym-

etry factor g b could also be expressed as a function of χ s , m , and
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Fig. 4. (left) Asymmetry factor g b of bispheres as a function of the interparticle distance d and (right) asymmetry factor g b as a function of the interparticle distance-to- 

wavelength ratio d ∗ of bispheres for (a) χ s = 0.031, (b) χ s = 0.063, and (c) χ s = 0.126 and m = 1.5. 
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d ∗, i.e., g b = g b ( χ s , m, d ∗), as previously established for C b sca /2 C 
M 

sca .

The same conclusions were reached for m = 1.2 and 2 (Fig. S5 in

Supporting Information). Moreover, the parameters χ s , m , and d ∗

were also shown to be the independent parameters controlling the

asymmetry factor of bispheres (Fig. S6 in Supporting Information).

Finally, it is interesting to note that the bisphere asymmetry factor

g b converged towards that of a single sphere g M but for d ∗ ≥ 25

instead of d ∗ ≥ 2 as observed for C b sca ( Fig. 3 ). 

4.1.2. Bisphere scattering cross-section C b sca 

Fig. 5 presents the scattering cross-section ratio C b sca /2 C 
M 

sca as a

function of the interparticle distance-to-wavelength ratio d ∗ of bi-

spheres with m = 1.5 and (a) χ s ≤ 2 and (b) χ s > 2. Fig. 5 (a)
ndicates that for χ s ≤ 2 and d ∗ < 2, dependent effects due to

nteractions and interferences between the two particles resulted

n the scattering cross-section of the bisphere exceeding that of

wo individual spheres, i.e., C b sca > 2 C M 

sca , as previously observed

n Fig. 3 . Furthermore, the oscillations in C b sca /2 C 
M 

sca , observed for χ s 

2 and d ∗ < 2, reached their maxima and minima for the same

alues of d ∗ for all particle size parameter χ s considered. This sug-

ests that the interparticle distance-to-wavelength ratio d ∗ deter-

ined if interferences between waves scattered by each sphere

ere constructive or destructive. This also further confirms that

s , m , and d ∗ are the independent parameters determining the ef-

ect of dependent scattering on the scattering cross-section of bi-

pheres. Interestingly, the subsequent maxima and minima were
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Fig. 5. Scattering cross-section ratio C b sca /2 C 
M 
sca as a function of the interparticle 

distance-to-wavelength ratio d ∗ for bispheres with m = 1.5 and (a) χ s ≤ 2 and 

(b) χ s > 2. 

Fig. 6. Critical interparticle distance-to-radius ratio ( d / r s ) cr as a function of particle 

size parameter χ s for bispheres with m = 1.5 along with data and predictions from 

expressions reported in the literature [6,15–18,20] and summarized in Table 1 . The 

data points collected for the present study were fitted to a power series to guide 

the eye. 

Fig. 7. Asymmetry factor ratio g b / g M as a function of the interparticle distance-to- 

wavelength ratio d ∗ for bispheres with m = 1.5 and (a) χ s ≤ 2 and (b) χ s > 2. 
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paced by the same interparticle distance-to-wavelength ratio d ∗

f approximately 1/2. This observation was also made by Videen

t al. [28] regarding the subsequent maxima of the interference

erm of the asymmetry factor. By contrast, Fig. 5 (b) shows that for

arge bispheres with χ s > 2, the scattering cross-section ratio

 

b 
sca /2 C 

M 

sca did not feature any oscillation. Moreover, dependent ef-

ects caused the scattering cross-section C b sca of the bisphere to be

maller than the scattering cross-section of two individual spheres,

.e., C b sca < 2 C M 

sca . These observations were also consistent with

hose made in previous studies [6,16] . 

Finally, Fig. 5 establishes that the independent scattering regime

or bispheres prevailed, i.e., C b sca = 2 C M 

sca when d ∗ exceeded a critical

alue d ∗cr such that (a) d ∗cr = 2 for χ s ≤ 2 and m = 1.5 and (b) d ∗cr 

 5 for 2 < χ s ≤ 8.05 and m = 1.5. 

.1.3. Critical interparticle distance-to-radius ratio ( d / r s ) cr 

In some studies, the ratio d / r s was preferred over d ∗ = d / λ to

dentify the transition between dependent and independent scat-

ering regimes [6,16] . As indicated in Eq. (13) , the critical interpar-

icle distance-to-radius ratio ( d / r s ) cr can be expressed as a func-

ion of the critical interparticle distance-to-wavelength ratio d ∗cr . In

rder to facilitate the comparison of the different studies summa-

ized in Table 1, Fig. 6 displays the critical interparticle distance-

o-radius ratio ( d / r s ) cr for bispheres or suspensions as a function

f particle size parameter χ s reported in previous studies [6,15–

8,20] for different particle relative index of refraction m . Note that
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Table 1 

Literature review of studies on independent and dependent scattering regimes. 

Reference [6] [15] [16] [17] [18] [20] 

Type of study Simulations Review Simulations Review Simulations Simulations 

Data from T-matrix Experiments T-matrix Experiments T-matrix DDA 

Particle system Bisphere Suspension and 

aggregate 

Bisphere Suspension and 

aggregate 

Suspension Bisphere and 

aggregate 

Radiation 

characteristics 

Scattering matrix 

elements, Q sca 

Q sca C sca Q sca C sca , � C sca , �

Relative index of 

refraction m 

1.5+ i 0.005 1.2 and 1.6 1.2 1.2 and 1.6 1.32 1.75+ i 0.75 

Particle size 

parameter χs 

χ s = 5 and 15 0.2 ≤ χ s ≤ 90 0.1 ≤ χ s ≤ 20 0.2 ≤ χ s ≤ 90 χ s = 4 0.2 ≤ χ s ≤ 2 

Particle volume 

fraction f v 

N/A 10 −3 ≤ f v ≤ 0.74 N/A 10 −3 ≤ f v ≤ 0.74 0.0014 ≤ f v ≤ 0.30 N/A 

Critical criteria 1 ( d / r s ) cr � 4 c̄ ∗cr = 0.5 ( χ s > 0.388) ( d / r s ) cr plotted c̄ ∗cr = 0.5 - 0.1 χ s / π d̄ ∗cr ≥ 15/ π ( c / r s ) cr = 2/ χ s 

f v, cr = 

1 N/A 0.006 ( χ s < 0.388) 4 π
3 

( 1 
(c/r s ) cr +2 

) 3 ( 0 . 9047 
π/ 2 χs +0 . 9 

) 3 f v, cr < 0.01 N/A 

( 0 . 9047 
π/ 2 χs +1 

) 3 ( χ s > 0.388) 

1 The independent scattering regime prevailed for values of d ∗ , c ∗ , c / r s , and d / r s above the critical criteria and values of f v below f v, cr . 

Fig. 8. Scattering cross-section ratio C b sca /2 C 
M 
sca as a function of the interparticle 

distance-to-wavelength ratio d ∗ for bispheres with m varying between 0.667 and 

2.6 and (a) χ s = 0.063 and 0.628 and (b) χ s = 2 and 4. 
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when particle suspensions were investigated, the parameter con-

sidered was in fact the critical average interparticle distance-to-

radius ratio ( ̄d / r s ) cr [15,17,18] . In the present study, m = 1.5 and

d ∗cr , used in the calculation of ( d / r s ) cr , was determined from data

shown in Fig. 5 when the scattering cross-section of bispheres

fell within 5% of predictions by Lorenz-Mie theory, i.e., when |1

- C b sca /2 C 
M 

sca | ≤ 0.05. First, Fig. 6 indicates that the different mod-
ls [15,17,20] and numerical results [6,16,18] predicting the transi-

ion between the dependent and independent scattering regimes

iffered significantly from one another and from results obtained

n the present study. However, Fig. 6 indicates that the numerical

redictions for ( d / r s ) cr reported in Ref. [16] for m = 1.2 were in

ualitative agreement with those of the present study for m = 1.5.

Finally, Fig. 6 indicates that the transition criteria d ∗cr = 2 for

s ≤ 2 and d ∗cr = 5 for χ s > 2 from dependent to independent

cattering regimes encompass all the criteria previously reported.

n practice, the critical interparticle distance d cr to ensure the inde-

endent scattering regime was such that d cr ≥ 6.5 r s for χ s ≥ 2.

owever, for χ s < 0.2, independent scattering prevailed for inter-

article distance d hundreds of time larger than the particle radius

 s , i.e., d cr ≥ 100 r s . 

.1.4. Bisphere asymmetry factor g b 

Fig. 7 plots the ratio g b / g M of the asymmetry factor g b for bi-

pheres to that predicted by Lorenz-Mie theory g M for a single par-

icle as a function of the interparticle distance-to-wavelength ratio

 

∗ for spheres with m = 1.5 and (a) χ s < 2 and (b) χ s ≥ 2.

irst, Fig. 7 indicates that for particle size parameter χ s ≤ 2,

he asymmetry factor ratio g b / g M vs. d ∗ featured oscillations whose

agnitude tended to decrease with increasing χ s . In fact, these os-

illations disappeared for χ s ≥ 2 [ Fig. 7 (b)], as also observed in

 

b 
sca /2 C 

M 

sca vs. d ∗ [ Fig. 5 (b)]. Furthermore, for χ s < 2 the oscil-

ations reached their maxima and minima for the same values of

 

∗ as observed for C b sca /2 C 
M 

sca [ Fig. 5 (a)]. Moreover, g b / g M reached a

lobal maximum around d ∗ = 1/4 and the subsequent maxima and

inima occured at intervals of approximately 1/2, in agreement

ith observations made by Videen et al. [28] . The global maximum

as attributed to destructive interferences of the scattered radia-

ion by individual particles. 

Finally, Fig. 7 indicates that g b / g M converged towards unity

i.e., g b = g M ) as d ∗ increased beyond a critical interparti-

le distance-to-wavelength ratio d ∗cr when independent scattering

egime prevailed. For small particles such that χ s < 2, the

maller the particles, the larger the critical interparticle distance-

o-wavelength ratio d ∗cr . For example, the critical interparticle

istance-to-wavelength ratio d ∗cr was 2 for χ s ≥ 0.628 but

eached 25 for χ s = 0.126. On the other hand, for large particles

uch that χ s ≥ 2, independent scattering for g b prevailed for d ∗

5, as obtained also for C b sca . 

Overall, this study showed that the particle size parameter

s and interparticle distance-to-wavelength ratio d ∗ are the di-

ensionless parameters governing the scattering cross-section and

symmetry factor of bispheres. The fact that χ s is one parame-

er controlling scattering of light is well-known for single-particles
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Fig. 9. Asymmetry factor g b as a function of the interparticle distance-to-wavelength ratio d ∗ for bispheres with m varying between 0.667 and 2.6 and (a) χ s = 0.063 and 

0.628 and (b) χ s = 2 and 4. 
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21] . However, to the best of our knowledge, this has not been

emonstrated for particle systems. Similarly, the present study es-

ablishes unequivocally that d ∗ is the dimensionless distance pa-

ameter controlling interference effects. Note that all the results

iscussed so far for C b sca and g b of bispheres were obtained for the

ame value of relative particle index of refraction m = n s / n m 

= 1.5.

hus, it is essential to consider different values of m to fully assess

he validity of the above conclusions. 

.2. Effect of the relative index of refraction m 

.2.1. Effect of m on the scattering cross-section C b sca 

Fig. 8 plots the scattering cross-section ratio C b sca /2 C 
M 

sca as a func-

ion of the interparticle distance-to-wavelength ratio d ∗ for bi-

pheres with particle size parameter (a) χ s = 0.063 or 0.628 and

b) χ s = 2 or 4 and relative index of refraction m varying be-

ween 0.667 and 2.6. It indicates that the scattering cross-section

atio C b sca /2 C 
M 

sca of bispheres was independent of the relative index

f refraction m for very small particle size parameter such as χ s 

 0.063 as well as for χ s = 0.628 with small index mismatch ( m

1.2). This could be attributed to the fact that for small size pa-

ameter χ s (i) the phase shift β = 2 χ s | m − 1 | was negligible and

ii) scattering was isotropic ( g M � 0). Then, interference and inter-

ction effects were independent of m . These results establish that

 

b 
sca can be expressed as C b sca = 2 f b ( d ∗) C M 

sca ( χ s , m, r s ) for χ s | m − 1 |
1 where f b ( d ∗) is a function to be determined. 

By contrast, the scattering cross-section ratio C b sca /2 C 
M 

sca of bi-

pheres with χ s = 2 and 4 as well as χ s = 0.628 and m ≥ 1.5
epended on the relative index of refraction m . Here, the phase

hift across the particles was significant (e.g., β = 2 for χ s = 0.628

nd m = 2.6) and interference effects were affected by changes in

 . Moreover, scattering of the particles was anisotropic and more

ensitive to m . 

Finally, Fig. 8 establishes that, here also, and regardless of m ,

he independent scattering regime, characterized by C b sca = 2 C M 

sca ,

revailed when d ∗ > d ∗cr with the critical interparticle distance-

o-wavelength ratio d ∗cr such that d ∗cr = 2 for χ s ≤ 2 and d ∗cr =
 for χ s > 2. However, note that these criteria are conservative

stimates. In fact, for bispheres with χ s ≥ 2 and different rela-

ive index of refraction m , the independent scattering regime was

eached for different values of d ∗ smaller than d ∗cr = 5. 

.2.2. Effect of m on the asymmetry factor g b 

Fig. 9 presents the asymmetry factor g b as a function of d ∗ for

ispheres with (a) χ s = 0.063 or 0.628 and (b) χ s = 2 or 4 and

article relative index of refraction m varying between 0.667 and

.6. Here also, the asymmetry factor of bispheres with χ s = 0.063

as not affected by the relative index of refraction m due to neg-

igible phase shift β across the particles, as previously discussed.

owever, as observed for C b sca /2 C 
M 

sca , the asymmetry factor g b of

ispheres with larger values of χ s varied with relative index of

efraction m due to the non-negligible phase shift β . In addition,

igs. 9 (c) and 9 (d) plot the ratio g b / g M as a function of d ∗ for bi-

pheres with the same particle size parameters and relative indices

f refraction presented in Figs. 9 (a) and 9 (b), respectively. Fig. 9 (d)

stablishes that for bispheres with χ s ≥ 2 and any relative in-
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Fig. 10. Scattering cross-section ratio as a function of the minimum interparticle distance-to-wavelength ratio d ∗
min 

for bisphere ( N s = 2), ordered, and disordered particle 

suspensions or aggregates with N s = 4 or 8 for m = 1.5 and (a) χ s = 0.031, (b) χ s = 0.126, (c) χ s = 0.628, and (d) χ s = 3. 
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dex of refraction m , the transition from dependent to independent

scattering occurred for d ∗ ≥ d ∗cr = 2. On the other hand, for χ s 

< 2, d ∗cr was larger than 2 for all relative index of refraction m

considered [ Fig. 9 (c)]. 

Overall, Figs. 8 and 9 indicate that the effect of the relative in-

dex of refraction m on dependent effects was negligible for sys-

tems with small particle size parameter χ s < 2, as observed by

Olaofe [19] for bispheres and by Ivezi ́c et al. [34] for aggregates.

However, the radiation characteristics of bispheres with large par-

ticle size parameter χ s ≥ 2 were affected by m . This was in agree-

ment with conclusions made by Ma et al. [35] for aggregates. 

4.3. Particle suspensions and aggregates 

4.3.1. Scattering cross-section C s sca 

A similar analysis to that previously performed for bispheres

was conducted for a 4 particle tetrahedron to identify the parame-

ters governing the scattering characteristics of suspensions and ag-

gregates. The scattering cross-section ratio C s sca / N s C 
M 

sca and asymme-

try factor g s of the tetrahedron were found to be also functions of

(i) the particle size parameter χ s , (ii) the relative index of refrac-

tion m , and (iii) the interparticle distance-to-wavelength ratio d ∗

(Figs. S7 and S8 in Supporting Information). 

Fig. S9 in Supporting Information plots the scattering cross-

section ratio of bispheres, disordered, and ordered particle sys-
ems ( N s = 2, 4, or 8) as a function of the average interparti-

le distance-to-wavelength ratio d̄ ∗ with a relative index of refrac-

ion m = 1.5. First, Fig. S9 indicates that the oscillations for dis-

rdered particle suspensions with small particle size parameter χ s 

ere not as well structured as those obtained for bispheres and

rdered particle systems. This was due to variations in the inter-

article distance among pairs of particles. Moreover, Fig. S9 shows

hat ordered particle systems with N s = 4 and 8 featured a crit-

cal average interparticle distance-to-wavelength ratio d̄ ∗cr = 2 be-

ond which independent scattering prevailed for χ s = 0.031, 0.126,

nd 0.628 and d̄ ∗cr = 5 for χ s = 3, as observed for bispheres. How-

ver, disordered particle systems featured transition from the de-

endent to the independent scattering regimes for higher critical

verage interparticle distance-to-wavelength ratio. In fact, the cri-

erion d̄ ∗cr = 2 developed for bispheres with χ s = 0.031, 0.126,

nd 0.628 did not apply to disordered particle systems with the

ame particle size parameter. This was due to the fact that dis-

rdered particle systems had a broader interparticle distance dis-

ribution and especially smaller minimum interparticle distances

 min than ordered particle systems (Table S1 in Supporting Infor-

ation). These observations establish that bispheres were not rep-

esentative of actual disordered particle suspensions contradicting

he hypothesis made by Quirantes et al. [16] . Instead, results for bi-

pheres provided the lower limit for the critical distance d cr among
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Fig. 11. Asymmetry factor as a function of the minimum interparticle distance-to-wavelength ratio d ∗
min 

for bisphere ( N s = 2), ordered, and disordered particle systems with 

N s = 4 or 8 with m = 1.5 and (a) χ s = 0.031, (b) χ s = 0.126, (c) χ s = 0.628, and (d) χ s = 3. 
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airs of particles required to reach the independent scattering

egime. 

Fig. 10 presents the scattering cross-section of bispheres, disor-

ered, and ordered particle systems ( N s = 2, 4, or 8) as a function

f the minimum interparticle distance-to-wavelength ratio d ∗
min 

=
 min / λ with a relative index of refraction m = 1.5. Fig. 10 shows

hat the criteria (i) d ∗
min,cr 

= 2 for χ s ≤ 2 and (ii) d ∗
min,cr 

= 5

or χ s > 2 developed for bispheres could also be applied conser-

atively to disordered and ordered particle systems with various

nterparticle distance distribution. Note that Fig. 10 also indicates

hat ordered particle systems fell under the independent scatter-

ng regime for slightly larger values of d ∗
min 

than that observed for

ispheres. This suggests that the total number of particles N s af-

ected slightly dependent scattering effects. 

Figs. S9 and 10 establish that for small particle size parame-

er χ s = 0.031, 0.126, and 0.628, (i) dependent effects resulted in

 

s 
sca ≥ N s C 

M 

sca and (ii) the scattering cross-section ratio C s sca / N s C 
M 

sca 

ncreased with increasing number of particles N s , as predicted by

q. (14) . These observations were due to the fact that scattering by

mall particles was isotropic leading to increased multiple scatter-

ng with increasing N s . It is also interesting to note that for simple

ubic systems ( N s = 8) with small touching spheres such that χ s =
.031 and 0.126, C s sca = 64 C M 

sca , as predicted by the volume equiva-

ent model [ Eq. (14) ]. 

Finally, note that the critical particle volume fraction f v, cr =
.006 proposed by Tien and Drolen [15] and below which inde-

endent scattering prevailed for χ s < 0.388 was found to be

nadequate for both the disordered and ordered particle systems

imulated in the present study. Indeed, for χ s = 0.031 and 0.126,
 r
he independent scattering regime prevailed for much lower vol-

me fractions (see Fig. S10 of Supporting Information). 

.3.2. Asymmetry factor g s 

Fig. S11 in Supporting Information presents the asymmetry fac-

or g b and g s of bispheres, disordered, and ordered particle systems

s functions of the average interparticle distance-to-wavelength

atio d̄ ∗. First, Figs. S11(a)-S11(c) show that the asymmetry fac-

or increased with increasing particle number N s and that os-

illations were present for disordered and ordered particle sys-

ems for χ s = 0.031, 0.126, and 0.628. Moreover, Figs. S11(b)-

11(d) indicate that the asymmetry factor of ordered particle

ystems with χ s ≥ 0.1 and N s = 4 or 8 tended towards

hose of bispheres ( N s = 2) for d̄ ∗ ≥ 2, unlike that of dis-

rdered particle systems. This was due to the broader interpar-

icle distance distribution of disordered systems, as mentioned

reviously. 

Fig. 11 presents the asymmetry factor g b and g s of bispheres,

isordered, and ordered particle systems as functions of the min-

mum interparticle distance-to-wavelength ratio d ∗
min 

for the same

ases considered in Fig. 10 . Fig. 11 shows that the asymmetry fac-

or of disordered and ordered particle systems with χ s ≥ 0.1

onverged towards that of bispheres for d ∗
min 

≥ 2. Therefore,

ig. 11 suggests that particle suspensions with χ s = 0.628 and 3

eached the independent scattering regime for the same critical

inimum interparticle distance-to-wavelength ratio as bispheres,

.e., when d ∗
min 

≥ d ∗
min,cr 

� 5. On the other hand, for χ s =
.031, Fig. 11 indicates that the independent scattering regime was

eached for d ∗
min 

≥ d ∗
min,cr 

> 5. 
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5. Conclusion 

This study determined (1) the parameters governing the scat-

tering cross-section and asymmetry factor of bispheres, disordered

and ordered particle suspensions, and aggregates of non-absorbing

spherical particles and (2) the conditions under which dependent

and independent scattering regimes prevail for each radiation char-

acteristic. A wide range of parameters was investigated using the

DDA method including (i) particle size parameter χ s varying from

0.031 to 8.05, (ii) relative index of refraction m ranging from 0.667

to 2.6, and (iii) average interparticle distance-to-wavelength ratio

d̄ ∗ varying between χ s / π (touching particles) and 30. The scat-

tering cross-section ratio C sca / N s C 
M 

sca and asymmetry factor g were

shown to be functions exclusively of the number of particles N s ,

their size parameter χ s , their relative index of refraction m , and

the interparticle distance-to-wavelength ratio d ∗. Additionally, the

transition between independent and dependent scattering regimes

was shown to be different for the scattering cross-section and the

asymmetry factor. For all cases considered, the criteria d̄ ∗ ≥ 2

for χ s ≤ 2 and d̄ ∗ ≥ 5 for χ s > 2 were shown to ensure

conservatively that the independent scattering approximation was

valid for the scattering cross-section of structures featuring inter-

particle distances with relatively small standard deviation and for

all values of m considered. Similarly, the critical average interpar-

ticle distance-to-wavelength ratio d̄ ∗cr associated with the asymme-

try factor (i) reached values as high as 25 for χ s < 2 and (ii) was

equal to d̄ ∗cr = 5 for χ s ≥ 2. Finally, this study demonstrated that

results obtained for bispheres could be extended to the disordered

particle systems considered provided the transition criteria were

based on the minimum interparticle distance-to-wavelength ratio

d ∗
min 

instead of on the average interparticle distance-to-wavelength

ratio d̄ ∗. 

Supporting Information 

Scattering cross-section of single spheres computed using the

DDA method and the relative error between predictions from the

DDA method and the Lorenz-Mie theory as functions of the scat-

tering cross-section predicted by the Lorenz-Mie theory (Figure

S1). Asymmetry factor of single spheres computed using the DDA

method and the relative error between predictions from the DDA

method and the Lorenz-Mie theory as functions of the asymmetry

factor predicted by the Lorenz-Mie theory (Figure S2). Scattering

cross-section ratio of bispheres with χ s = 0.031, 0.063, and 1.05

and m = 1.2 and/or 2 as a function of the interparticle distance-to-

wavelength ratio (Figure S3). Scattering cross-section ratio of bi-

spheres with χ s = 0.031, 0.063, and 0.126 and m = 1.5 as a func-

tion of d ∗, c ∗, c / r s , and d / r s (Figure S4). Asymmetry factor of bi-

spheres with χ s = 0.031, 0.063, and 1.05 and m = 1.2 and/or 2 as

a function of the interparticle distance-to-wavelength ratio (Figure

S5). Asymmetry factor of bispheres with χ s = 0.031, 0.063, and

0.126 and m = 1.5 as a function of d ∗, c ∗, c / r s , and d / r s (Figure S6).

Scattering cross-section ratio and asymmetry factor of a tetrahe-

dron ( N s = 4) with χ s = 0.063 and m = 1.5 as functions of the in-

terparticle distance-to-wavelength ratio (Figures S7-S8). Scattering

cross-section ratio of ordered and disordered systems as a function

of the minimum interparticle distance-to-wavelength ratio d min for

χ s = 0.031, 0.126, 0.628, and 3 (Figure S9). Table with the average

interparticle distance and minimum interparticle distance of all the

generated particle suspensions and aggregates (Table S1). Scatter-

ing cross-section ratio of disordered particle systems with N s = 4

or 8, m = 1.5, and χ s = 0.031, 0.126, 0.628, and 3 as a function of

the particle volume fraction f v (Figure S10). Asymmetry factor of

ordered and disordered systems as a function of the minimum in-

terparticle distance-to-wavelength ratio d min for χ s = 0.031, 0.126,

0.628, and 3 (Figure S11). 
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